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This paper presents a complete S-shape feed rate scheduling approach (CSFA) with conﬁned jerk, acceleration and command feed rate for
parametric tool path. For a Non-Uniform Rational B-Spline (NURBS) tool path, the critical points of the tool path where the radius of curvature
reaches extreme values are found ﬁrstly. Then, the NURBS curve is split into several NURBS sub-curves or blocks by the critical points. A
bidirectional scanning strategy with the limitations of chord error, normal/tangential acceleration/jerk and command feed rate is employed to
make the feed rate at the junctions between different NURBS blocks continuous. To improve the efﬁciency of the feed rate scheduling, the
NURBS block is classiﬁed into three types: short block, medium block and long block. The feed rate proﬁle corresponding to each NURBS block
is generated according to the start/end feed rates and the arc length of the block and the limitations of tangential acceleration/jerk. In addition, two
compensation strategies are proposed to make the feed rate more continuous and the arc increment more precise. Once the feed rate proﬁle is
determined, a second-order Taylor's expansion interpolation method is applied to generate the position commands. Finally, experiments with two
free-form NURBS curves are conducted to verify the applicability and accuracy of the proposed method.
& 2015 Society of CAD/CAM Engineers. Production and hosting by Elsevier. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Smooth feed rate scheduling of parametric interpolator for
CNC machine tools plays a key role in high-speed and high-
accuracy machining of sculptured surfaces, such as dies, molds
and aerospace parts. The discontinuities in feed motion can
evoke the natural modes of the mechanical structure and the
servo control system, which will degrade the contouring
accuracy [1]. In order to achieve high-speed and high-
accuracy machining, many scholars devote to the ﬁelds such
as parametric curve interpolation, feed rate proﬁle scheduling
and servo-loop control techniques. The acceleration/decelera-
tion feed rate proﬁles, e.g. the trapezoidal and the jerk-limited
proﬁle, are most widely used in feed rate scheduling.
The trapezoidal feed rate scheduling method [2] is simple to
implement, but it will result in various oscillations on the feed and
acceleration when interpolating along complex tool paths,/10.1016/j.jcde.2015.06.004
15 Society of CAD/CAM Engineers. Production and hosting by E
mmons.org/licenses/by-nc-nd/4.0/).
g author.
ss: zhulm@sjtu.edu.cn (L.-M. Zhu).compared with jerk-limited feed rate scheduling methods. Hence,
many jerk-limited methods, such as Sine-shape method [3], Time-
optimal method [4,5] and S-shape method [6–11], have been
developed to schedule the feed rate with the advantages of
improved smoothness. Lee et al. [3] proposed an off-line feed rate
scheduling method that considers the constrains imposed by chord
error, acceleration and jerk limitations, however, the acceleration
function obtained with this method is discontinuous comparing to
those of the time-optimal and the S-shape methods. Dong et al. [4]
and Beudaert et al. [5] proposed a similar time-optimal method,
respectively; however, the iterative algorithm applied in this
method is hard to be implemented due to its heavy computational
burden and non-feasibility in some situations. Erkorkmaz et al. [8]
proposed the S-shape feed rate scheduling method aimed at
avoiding the excitation of structural dynamics due to the high
bandwidth of the drive system.
The S-shape method is widely used in smooth feed rate
scheduling [9–11] because of its simplicity and smoothness,
but the complete procedure of S-shape method for the complex
reference trajectory has not been fully studied. Here, anlsevier. This is an open access article under the CC BY-NC-ND license
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which the procedure is complete and manifested as follows:1. Split NURBS curve into several NURBS sub-curves
according to the critical points.2. Calculate the arc length of each NURBS sub-curve based
on an adaptive quadrature method.3. Obtain the ﬁnal feed rate at the junctions between succes-
sive NURBS sub-curves by bidirectional scanning method.4. Calculate the arc length criterion and decide the feed rate
scheduling algorithm.5. Compensate with the variable-jerk and the arc length error
compensation strategies.6. Finally, obtain the reference positions by a second-order
Taylor interpolation method.
The proposed approach has three main advantages:1. The bidirectional scanning method guarantees the continu-
ity of the feed rate even if there exists the short block.2. The arc length criterion makes the feed rate scheduling
approach easy for implementation.3. The variable-jerk compensation strategy eliminates the feed
rate discontinuities caused by the round-off error of the
duration quantization.
This paper is organized as follows. In the next section, the
deﬁnition of the NURBS curve and the method to calculate its
arc length are brieﬂy introduced. In Section 3, a complete feed
rate scheduling approach for NURBS curve is presented.
Experiments whose layout of the three-axis experimental system
is shown in Fig. 1 are conducted in Section 4, and the
conclusions are given in Section 5.
2. Deﬁnition and arc length of a NURBS curve
2.1. Deﬁnition of a NURBS curve
A NURBS curve CðuÞ can be expressed as [12]
C uð Þ ¼
Pn
i ¼ 0 Ni;pðuÞωiPiPn
i ¼ 0 Ni;pðuÞωi
ð1ÞReference position
Actual
position
Control
voltage
dSPACE DS1103 PPC controller Board
Fig. 1. Layout of the three-axiswhere fPig are the control points which form a control
polygon, fωig are the weights, p is the degree of a NURBS
curve and fNi;pðuÞg are the pth-degree B-spline basis functions
deﬁned on the non-uniform knot vector, i.e.
U ¼ fu0; u1;…; unþpþ1g ð2Þ
The curvature of a NURBS curve is deﬁned as [13]
κ¼ JC
0 ðuÞ  C″ðuÞJ
JC0 ðuÞJ3 ð3Þ
where C
0 ðuÞ and C″ðuÞ are the ﬁrst- and second-order
derivatives of a NURBS curve, respectively.
2.2. Arc length of a NURBS curve
The arc length function s(u) of a NURBS curve CðuÞ over
parameter interval ½ui; uiþ1 is given as [13]
sðuÞ ¼
Z uiþ 1
ui
JC
0 ðuÞJ du ð4Þ
The ﬁrst-order derivative of the arc length s(u) can be
expressed as
s
0 ðuÞ ¼ JC0 ðuÞJ40 ð5Þ
An adaptive quadrature method [14] based on Simpson's rule
is used to calculate the desired arc length over a very small
parameter interval ½ui; uiþ1 as follows:
s ui; uiþ1ð Þ ¼
ðuiþ1uiÞ
6
s
0
uið Þþ4s0
uiþ1þui
2
 
þs0 uiþ1ð Þ
h i
ð6Þ
A composite Simpson rule using four subintervals of ½ui; uiþ1
can be performed by bisecting parameter interval above into
two equal subintervals (i.e. ½ui; ðuiþuiþ1Þ=2 and
½ðuiþuiþ1Þ=2; uiþ1). Eq. (6) is recursively applied over every
subinterval as follows:
s ui;
ðuiþuiþ1Þ
2
; uiþ1
 
¼ s ui;
ðuiþuiþ1Þ
2
 
þs ðuiþuiþ1Þ
2
; uiþ1
 
ð7Þ
where
s ui;
ðuiþuiþ1Þ
2
; uiþ1
 
¼ uiþ1ui
12
s
0
uið Þþ4s0
uiþuiþ1
2
 
þs0 uiþuiþ1
2
 h iX-axis
Y-axis
experimental system.
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Fig. 2. Critical point distribution for trident curve. (a) Trident, (b) trident curvature, (c) butterﬂy, (d) butterﬂy curvature.
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 
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12
s
0 uiþuiþ1
2
 
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2
 
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 
Assuming that the tolerance of ζ is speciﬁed for the parameter
interval, if
1
10
s ui;
ðuiþuiþ1Þ
2
; uiþ1
 
s ui; uiþ1ð Þ
 
oζ ð8Þ
Then it can be proved that Z uiþ 1
ui
s
0
uð Þ dus ui;
ðuiþuiþ1Þ
2
; uiþ1
 oζ ð9Þ
Thus the arc length of NURBS is equal to s½ui; ðuiþuiþ1Þ
=2; uiþ1. If Eq. (8) holds, the arc length calculated by Eq. (7)
is deﬁned as the desired arc length in ½ui; uiþ1 for the feed rate
scheduling. If Eq. (8) fails, the two subintervals are labeled as
½ui; uiþuiþ1=2 and ½uiþuiþ1 =2; uiþ1 for further subdivision
and testing until Eq. (8) holds for each subinterval in ½ui; uiþ1.
Finally, the sum of the arc length calculated by Eq. (7) in each
subinterval is deﬁned as the desired arc length in ½ui; uiþ1 for
the feed rate scheduling.
3. NURBS interpolator with feed rate scheduling
In this section, a complete S-shape feed rate scheduling
approach for NURBS curve is proposed. It consists of threestages: the preprocessing stage, the scheduling feed rate stage
and the interpolating stage.
In the stage of preprocessing, the critical points of the tool path
are found out by the threshold curvature. Then, the NURBS curve
is split into several NURBS sub-curves by the critical points. The
arc length of each NURBS sub-curve, which is deﬁned as the
desired arc length, is approximately calculated by the adaptive
quadrature method. A bidirectional scanning with the limitations of
chord error, normal/tangential acceleration/jerk and command feed
rate is employed to make the feed rate at the junctions between
successive NURBS blocks continuous. Finally, the feed rate at
critical points determined by the directional scanning is accepted
for the practical CNC machining.
In the stage of scheduling feed rate, the NURBS block is
classiﬁed into three types (i.e. short block, medium block and
long block) by the arc length criterion. Three kinds of
algorithms are developed to schedule feed rate for each type
of the NURBS block, respectively. The feed rate proﬁle
corresponding to each NURBS block is generated according
to the start/end feed rates, the desired arc length of the NURBS
block and the limitations of tangential acceleration/jerk. A
variable-jerk compensation strategy is proposed to make the
feed rate more continuous. An arc length error compensation
strategy is proposed to reduce the difference between the
scheduling arc length and the desired arc length. Finally, the
modiﬁed arc length increment is output for the interpolation
algorithm.
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expansion of the spline parameter with respect to the arc-
length using the compensated arc length is adopted to generate
more accurate position commands.
3.1. Critical points and curve splitting
The point, where its curvature is larger than the curvature
threshold, is called a candidate point. The candidate point,
which has the local maximum curvature, is called a critical
point. To ﬁnd out the critical points, the curvature threshold κcr
is determined ﬁrstly according to the chord error, normal
acceleration and jerk [3].
κcr ¼min
8δ
ðvmaxTsÞ2þ4δ2
;
An
v2max
;
ﬃﬃﬃﬃﬃﬃﬃﬃ
Jn
v3max
s !
ð10Þ
where δ is the chord error, vmax is the command feed rate and
An=Jn are the normal acceleration/jerk. The curve parameter u
corresponding to the local maximum value of the curvature
among the candidate points is computed by
κ
0 ðuÞ ¼ 0 ð11Þ
The interpolation points corresponding to the solutions of the
equation are deﬁned as the critical points as shown in Fig. 2.
When the critical points are determined, the arc length
between two successive points is calculated by the composite
Simpson method.
3.2. Bidirectional scanning
Bidirectional scanning, which consists of the backward
scanning and the forward scanning, is an important approach
to generate smooth trajectory. As illustrated in Fig. 3, the
objective of the backward scanning is to determine the
maximum allowable end feed rate for the NURBS block.
After the backward scanning, the forward scanning is used to
determine the ﬁnal feed rates at the critical points.
3.2.1. Backward scanning
Backward scanning is performed from the ﬁnal to the ﬁrst
NURBS blocks. At the beginning of the backward scanning,
the end feed rate for the ﬁnal NURBS block is set to zero to
make the feed motion stop at the end of the NURBS curve.
The S-shape acceleration proﬁles as shown in Fig. 4(a) and (b),
are used to restrict the feed rate at the junctions between
different blocks. In the backward scanning, the chord error, the
normal acceleration/jerk and the command feed rate are
considered simultaneously. The details of the algorithm are
described as follows, where N is the number of the NURBS
blocks, bviþ1 is the end feed rate of the ith NURBS block
determined by the backward scanning for the ðiþ1Þth NURBS
block and At=Jt are the tangential acceleration/jerk.(1) Let i¼N and bviþ1 .
(2) If i¼1, go to (3). Otherwise, go to (2).
(2a) Apply jerk-limited S-shape acceleration from theend to the start of the NURBS block. When
considering the tangential jerk limitation, the cubic
equation below is constructed as
ðbvTi Þ3þbviþ1ðbvTi Þ2ðbviþ1 Þ2bvTi
ðbviþ1 Þ3Jts2i ¼ 0 ð12Þ
To solve for bvi from Eq. (12), the Newton–
Raphson method is applied and the initial value is
set to bviþ1 . If bvTi rA2t =Jtþbviþ1 , it implies that
the tangential acceleration limitation is satisﬁed (i.e.
amoAt showed in Fig. 4(a)), and go to (2b).
Otherwise, the tangential acceleration limitation is
violated, so Eq. (12) does not hold, a new relation
between bvTi and
bviþ1 is constructed according as
JtðbvTi Þ2þA2t ðbvTi ÞJtðbviþ1Þ2
þA2t ðbviþ1Þ2AtJtsi ¼ 0 ð13Þ
To solve for bvTi from Eq. (13), the Newton–
Raphson method is applied and the initial value is
set to bvi, and go to (2b).
bvTi resolved by Eqs. (12)
or (13) is plotted in pentagonal polygon in Fig. 3.
(2b) Consider the chord error (i.e. □ in Fig. 3), normal
acceleration/jerk (i.e. ⋄ in Fig. 3) [3]. The maximum
normal acceleration/jerk is supposed to be equal to
the tangential ones. The feed rate bvi for the
backward scanning should be determined by
bvi ¼min bvTi ;
2
Ts
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2δ
κi
δ2
r
;
ﬃﬃﬃﬃﬃ
An
κi
r
;
ﬃﬃﬃﬃﬃ
Jn
κ2i
3
s
; vmax
( )
ð14Þ
where Ts is the sampling period, κi is the curvature
computed using Eq. (10), δ is the chord error, and
vmax is the command feed rate (i.e. ◯ in Fig. 3), and
go to (2c).
(2c) Let i¼ i1 and go to (2).
(3) Store bviði¼ 1; 2;…;NÞ into the buffer.3.2.2. Forward scanning
Forward scanning is performed from the ﬁrst to the ﬁnal
NURBS blocks. Since the chord error, the normal acceleration/
jerk and the command feed rate have been already considered
in the backward scanning, tangential acceleration/jerk is taken
into account in the forward scanning. The details of algorithm
are described as follows, where vi obtained by the forward
scanning for the ði1Þ th NURBS block is used as the start
feed rate for the ith NURBS block, and where fvTiþ1 for the ith
NURBS block is derived from the tangential acceleration/jerk
limitations.(1) Let i¼1 and vi ¼ 0.
(2) If i¼N, go to (3). Otherwise, go to (2).
(2a) Solve for fvTiþ1 from Eq. (12). If
fvTiþ1rA2t =Jtþvi,
the acceleration proﬁle is showed in Fig. 4(a) and go
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Table 1
Expressions for the feed rate proﬁle.
τ _skðtÞ €skðtÞ _skðtÞ sk(t)
τ1 Jt Jtτ1 vsþ12Jtτ21 vsτ1þ16Jtτ31
τ2 0 At v1þAtτ2 sa1þv1τ2þ12Atτ22
1 2 1 2 1 3
X. Du et al. / Journal of Computational Design and Engineering 2 (2015) 206–217210to (2b). Otherwise, the acceleration proﬁle is showed
in Fig. 4(b). Solve for fvTiþ1 from Eq. (13), and go to
(2b). fvTiþ1 resolved by Eq. (12) or Eq. (13) is plotted
in pentagonal polygon (i.e. △) in Fig. 3.
(2b) Determine the feed rate at the end of the NURBS
block by
viþ1 ¼min fbviþ1 ; fvTiþ1g ð15Þ
(2c) Let i¼ iþ1 and go to (2).
τ J A J τ v þA τ  J τ s þv τ þ A τ  J τ3 t t t 3 2 t 3 2 t 3 a2 2 3 2 t 3 6 t 3
τ4 0 0 v3 saþv3τ4
τ5 Jt Jtτ5 v412Jtτ25 saþscþv4τ516Jtτ35(3) Store viþ1ði¼ 1; 2;…;NÞ into the buffer.τ6 0 At v5Atτ6 saþscþsd1þv5τ612Atτ26
τ7 Jt AtþJtτ7 v6Atτ7þ12Jtτ27 saþscþsd2þv6τ712 Atτ27þ16Jtτ37Finally, the feed rates viþ1ði¼ 1; 2;…;NÞ output by the
forward scanning are used for the feed rate scheduling below.
3.3. S-shape feed rate proﬁle generation
When the process of the bidirectional scanning is ﬁnished,
the NURBS block feature data fsi; vs; veg (where vs ¼ vi and
ve ¼ viþ1 ) to make the feed rate proﬁle at the critical points
continuous are generated. In the stage of scheduling feed rate,the main concern is to construct an S-shape feed rate proﬁle
through the NURBS block feature data where CðuiÞ and
Cðuiþ1Þ are the start/end points, vs and ve are the correspond-
ing start/end feed rates and si is the arc length of the ith
NURBS block. The S-shape ACC/DEC proﬁle, which consists
of seven phases, is shown in Fig. 5. The expression of the feed
X. Du et al. / Journal of Computational Design and Engineering 2 (2015) 206–217 211rate proﬁle in the seven phases is summarized in Table 1. The
symbols τiði¼ 1; 2;…; 7Þ denote the relative time parameters
as illustrated in Fig. 5.
The durations Tkðk¼ 1; 2;…; 7Þ of the seven phases are
calculated by the start/end feed rates vs/ve, the command feed
rate vmax, the tangential acceleration/jerk At=Jt and the desired
arc length si, as follows:
T1 vs; ve;At; Jtð Þ ¼ AtJt
T2 vs; ve;At; Jtð Þ ¼ vmaxvsAt
At
Jt
T3 vs; ve;At; Jtð Þ ¼
At
Jt
T4 vs; ve;At; Jtð Þ ¼
ðsisasdÞ
vmax
T5 vs; ve;At; Jtð Þ ¼
At
Jt
T6 vs; ve;At; Jtð Þ ¼
vmaxve
At
At
Jt
T7 vs; ve;At; Jtð Þ ¼
At
Jt
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
ð16Þ
However, the durations might be zero for a certain phase or
several phases. So, the feed rate proﬁles are classiﬁed into 17
types as shown in Fig. 6. For the S-shape feed rate scheduling,
the ﬁrst step is to determine the type of the feed rate proﬁle. A
criterion arc length scri
s of the NURBS block, is given as
follows: if vsove, scris is equal to the acceleration arc length
saðvs; veÞ which is computed by
sa vs; veð Þ ¼
vsþveð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vevs
Jt
r
vevsr
A2t
Jt
1
2
vsþveð Þ
At
Jt
þðvevsÞ
At
 
vevs4
A2t
Jt
8>><
>>: ð17Þ
If vs4ve, scri
s is equal to the acceleration arc length sdðvs; veÞ
which is computed by
sd vs; veð Þ ¼
vsþveð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vsve
Jt
r
vsver
A2t
Jt
1
2
vsþveð Þ AtJt
þðvsveÞ
At
 
vsve4A
2
t
Jt
8>><
>>: ð18Þ
If the desired arc length si is equal to the criterion arc length
scri
s , the feed rate proﬁle belongs to one of Fig. 6(10)–(13) and
the corresponding NURBS block is called a short block.
Otherwise, the NURBS block is called as a medium or long
block. To further check the block type, a criterion arc length
scri
l of the NURBS block is deﬁned as
slcri ¼ saðvs; vmaxÞþsdðvmax; veÞ ð19Þ
where the acceleration and deceleration arc lengths saðvs; vmaxÞ
and sdðvmax; veÞ are calculated using Eqs. (17) and (18). If the
desired arc length is larger than the criterion arc length scri
l , the
corresponding NURBS block is called a long block whose feed
rate proﬁle belongs to those shown in Fig. 6(1)–(9). Otherwise,the NURBS block is called as a medium block whose feed rate
proﬁle falls into those shown in Fig. 6(14)–(17). Three feed
rate scheduling algorithms are proposed as follows to generate
the feed rate proﬁles for the three kinds of blocks.
Algorithm 3.1. Feed rate scheduling for a short block.Input: The start/end feed rates vs=ve.
Output: The durations Tkðk¼ 1; 2;…; 7Þ for the S-shape feed
rate scheduling.
(1) If vsove and vevsrA2t =Jt, then the feed rate proﬁle is
shown in Fig. 6(10) and the durations Tkðk¼ 1; 3Þ are
computed using Eq. (16).(2) If vsove and vevs4A2t =Jt, then the feed rate proﬁle is
shown in Fig. 6(11) and the durations Tkðk¼ 1; 2; 3Þ are
computed using Eq. (16).(3) If vs4ve and vsverA2t =Jt, then the feed rate proﬁle is
shown in Fig. 6(12) and the durations Tkðk¼ 5; 7Þ are
computed using Eq. (16).(4) If vs4ve and vsve4A2t =Jt, then the feed rate proﬁle is
shown in Fig. 6(13) and the durations Tkðk¼ 5; 6; 7Þ are
computed using Eq. (16).Algorithm 3.2. Feed rate scheduling for a long block.Input: The start/end feed rate vs=ve, the command feed rate
vmax and the desired arc length si.
Output: The durations Tkðk¼ 1; 2;…; 7Þ for the S-shape feed
rate scheduling.
(1) Compute the durations Tkðk¼ 1; 2; 3Þ and Tkðk¼ 5; 6; 7Þ
using Algorithm 3.1.
(2) Compute the acceleration and deceleration arc length
saðvs; vmaxÞ and sdðvmax; veÞ using Eqs. (17) and (18).
(3) Compute the constant feed rate duration T4 using Eq. (16).Algorithm 3.3. Feed rate scheduling for a medium block.The maximum feed rate v is searched with bisection method,
where Arr¼ ½v0:v1 represents an array to store temporary feed
rates and the initial values of v0=v1 are set to maxðvs; veÞ=vmax.
Input: The start/end feed rate vs=ve, the command feed rate
vmax, the desired arc length si and the searching precision ε.
Output: The durations Tkðk¼ 1; 2;…; 7Þ for the S-shape feed
rate scheduling.
(1) Let v¼ ðv0 þ v1Þ2 .
(2) Calculate saðvs; vÞ and sdðv; veÞ using Eqs. (17) and (18).
(3) Compare the arc length.(2a) If saðvs; vÞþsdðv; veÞsi4ε, then the maximum
feed rate v is decreased to
v1 ¼ v
v ¼ v0þv
2
8<
: ð20ÞAnd go to (2).
(2b) If saðvs; vÞþsdðv; veÞsioε, then the maximum feed
rate v is increased to
v0 ¼ v
v ¼ vþv1
2
8<
: ð21Þ
Fig. 6. Seventeen types of feed rate proﬁles.
X. Du et al. / Journal of Computational Design and Engineering 2 (2015) 206–217212(2c) If jsaðvs; vÞþsdðv; veÞsijrε, then vmax ¼ v and the
bisection algorithm terminates. And go to (4).(4) Compute the durations Tkðk ¼ 1; 2; 3Þ and Tkðk ¼ 4; 5; 6Þ
using Algorithm 3.1.3.4. Variable-jerk compensation
After the feed rate scheduling in Section 3.3, the duration of
each phase should be expressed by the integer multiples of the
sampling period Ts. The acceleration feed rate proﬁle as shownin Fig. 6(10) is taken as an example.
v1 ¼ vsþ
1
2
JtT21
v2 ¼ v1
ve ¼ v2þ JtT1
1
2
JtT3
 
T3
8>><
>>>:
ð22Þ
Since the absolute value of the jerk jJtj in the ﬁrst phase is
equal to that jJtj in the third phase, the duration T1 is equal
to the duration T3. The number of interpolation steps the ﬁrst
Fig. 7. Variable-jerk compensation.
Time
A
rc
le
ng
th
t
Time
0ie
Fe
ed
ra
te
t
0ie
Fig. 8. Arc length error compensation.
Table 2
Parameters of S-shape feed rate scheduling.
Parameters Symbol Units
Command feed rate vmax 100 mm=s
Normal acceleration An 1000 mm=s2
Normal jerk Jn 30; 000 mm=s3
Tangential acceleration At 1000 mm=s2
Tangential jerk Jt 30; 000 mm=s3
Chord error δ 5 μm
Sampling period Ts 1 ms
Searching precision ε 0:4 mm
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Na1 ¼ round
T1
Ts
 
Na3 ¼ round
T3
Ts
 
8>><
>>: ð23Þ
If Na1 and Na3 are zeros for corresponding nonzero duration
T1 and T3, the feed rate scheduling failed for the current
NURBS block. Therefore, a variable-jerk compensation strat-
egy, as shown in Fig. 7, where T1 and T3 are set to Ts, is
proposed to make the feed rate continuous among adjacent
NURBS blocks. Substituting vs, ve, T1 and T3 into Eq. (22) to
calculate the suitable jerk, yielding
Jvt ¼
vevs
T2s
ð24Þ
where the modiﬁed jerk Jt
v is only adapted to the current
NURBS block.3.5. Arc length error compensation
After the feed rate scheduling, there is round-off error ei which is
deﬁned as the difference between the desired arc length and the
sum of the arc length increment calculated by the feed rate and thesampling period. It is calculated via the following formula [15]:
ei ¼ siðsaþscþsdÞ ð25Þ
where sa, sc and sd are the acceleration/constant/deceleration arc
lengths, respectively. The acceleration arc length is calculated by
v1 ¼ vsþ12JtðNa1TsÞ2
v2 ¼ v1þAtðNa2TsÞ
v3 ¼ v2þAt Na3Tsð Þ12JtðNa3TsÞ2
8><
>: ð26Þ
sa1 ¼ vs Na1Tsð Þþ16JtðNa1TsÞ3
sa2 ¼ sa1þv1 Na2Tsð Þþ12AtðNa2TsÞ2
sa ¼ sa2þv2 Na3Tsð Þþ12 AtðNa3TsÞ216JtðNa3TsÞ3
8>><
>: ð27Þ
where Na1, Na2 and Na3 are the number of interpolation steps after
the quantization. The deceleration arc length is obtained by
replacing vs, Na1, Na2 and Na3 with ve, Nd3, Nd2 and Nd1 in Eqs.
(26) and (27), respectively. The constant feed rate arc length is
calculated by
sc ¼ Ncvmax ð28Þ
where Nc is the number of interpolation steps for the constant feed
rate phase.
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Fig. 9. Trident curve for experimental validation. (a) Feed rate with DBLA, (b) feed rate with CSFA, (c) chord error with DBLA, (d) chord error with CSFA,
(e) contouring error with DBLA, (f) contouring error with CSFA.
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length error compensation strategy is proposed. The accelera-
tion feed rate proﬁles shown in Fig. 6(10)-(11) are taken as
examples. If the constant acceleration phase does not exist,
round-off error is split into Na1þNa3 sections, i.e.
0 ▵ei 2▵ei⋯ ðNa11Þ▵ei|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Na1
ðNa31Þ▵ei⋯ 2▵ei▵ei0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Na3
ð29Þ
Due to T1 ¼ T3 presented in Section 3.4, so Na1 ¼ Na3 and
▵ei is computed by
▵ei ¼
ei
Na1ðNa11Þ
ð30ÞThe arc length increment ▵sj during every interpolation
period can be modiﬁed by
▵s
0
j ¼
▵sjþðj1Þ▵ei if jrNa1
▵sjþð2Na1 jÞ▵ei if Na1þ1r jo2Na1
(
ð31Þ
When there is the constant acceleration in the feed rate
proﬁle, the compensation strategy above is expanded and the
arc length error is split into Na1þNa2þNa3 sections, i.e.
0 ▵ei2▵ei⋯ ðNa11Þ▵ei|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Na1
Na1▵eiNa1▵eiNa1▵ei|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Na2
ðNa31Þ▵ei⋯ 2▵ei▵ei0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Na3
ð32Þ
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▵ei ¼
ei
Na1ðNa11ÞþNa1Na2
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Fig. 10. Butterﬂy curve for experimental validation. (a) Feed rate with DBLA, (b)
(e) contouring error with DBLA, (f) contouring error with CSFA.
Table 3
Experimental results for NURBS curves.
NURBS curve Method Machining time (s) RMS of contouring error (mm)
Trident curve DBLA 3.469 0.0167
CSFA 3.507 0.0135
Butterﬂy curve DBLA 5.397 0.0369
CSFA 5.547 0.0334The arc length increment ▵sj during every interpolation
period can be modiﬁed by
▵s
0
j ¼
▵sjþðj1Þ▵ei if jrNa1
▵sjþNa1▵ei if Na1þ1r joNa1þNa2
▵sjþð2Na1þNa2 jÞ▵ei if Na1þNa2þ1r jo2Na1þNa2
8><
>:
ð34Þ
Since the feed rate for the constant feed rate phase is the
command feed rate, the arc length error compensation is
applied to the acceleration/deceleration to avoid feed rate jump
at high feed rate region, as shown in Fig. 8.0 1 2 3 4 5
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feed rate with CSFA, (c) chord error with DBLA, (d) chord error with CSFA,
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After the arc length error compensation, the interpolation
task for NURBS curve needs to be completed to output the
position commands. The second-order Taylor's expansion of
the spline parameter with respect to the arc-length is adopted,
which is given as [16]
u sjþ1
 ¼ usjþduds

s ¼ sj
▵sjþ
1
2
d2u
ds2

s ¼ sj
▵s2j ð35Þ
The arc length increment ▵sj is replaced by the modiﬁed arc
length increment ▵s0j in Section 3.5 to generate more accurate
position commands.
4. Implementation and experimental results
In this section, experiments are conducted on a three-axis
CNC machine with YASKAWA SGDV series servo drives
and SGMJV motors. The position of the feed drive system is
measured by the servo motor photoelectric encoder attached to
each feed drive axis, whose resolution is set to 2500 pulse/rev.
This complete S-shape feed rate scheduling approach is
implemented on MATLAB. The trident and butterﬂy curves
are tested under the command feed rate of, and the other
parameters are listed in Table 2.
Comparative analysis between the present CSFA and the
dynamic-based interpolator with real-time look-ahead algo-
rithm (DBLA) [11] are made to verify the effectiveness of the
new approach. Experimental validation for the trident curve is
shown in Fig. 9. The statistical data summarized in Table 3, the
real machining times for performing the CSFA and the DBLA
are 3.507 s and 3.469 s, respectively. The main reason for
causing shorter machining time for performing DBLA is that
the tangential acceleration is violated. The maximum contour-
ing errors and the RMS of the contouring errors obtained by
the CSFA is 0.0892 mm and 0.0135 mm which are much
smaller than 0.2526 mm and 0.0167 mm, respectively. For the
butterﬂy curve, the real machining times for performing the
CSFA and the DBLA are 5.467 s and 5.397 s, respectively.
The maximum contouring errors and the RMS of the contour-
ing errors obtained by the CSFA are 0.2592 mm and
0.0334 mm which are much smaller than 0.3450 mm and
0.0369 mm, respectively. The different experiments for the
trident curve and the butterﬂy curve have the consistent results,
i.e. the CSFA has better stability compared with the DBLA
(Fig. 10) .
5. Conclusions
In this paper, a complete S-shape feed rate scheduling
approach is proposed for NURBS curve. Firstly, a bidirec-
tional scanning algorithm is designed to guarantee the
continuity of the feed rate at the junctions between successive
NURBS blocks. The result shows that the feed rate con-
tinuities are guaranteed with the limitations. Then, the
NURBS blocks are classiﬁed into three types (i.e., the short
blocks, the long blocks and the medium blocks) according totwo threshold arc length, which makes the scheduling method
easy for implementation. Secondly, a variable-jerk compen-
sation strategy and an arc length error compensation strategy
are developed in the feed rate scheduling to eliminate the
round-off error of the duration quantization. The effective-
ness of the proposed approach is veriﬁed by a series of
comparative experiments conducted on a three-axis stage
with different NURBS curves.
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